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Abstract
Several integral inequalities for the classical hypergeometric, confluent hypergeometric, and con-
fluent hypergeometric limit functions are given. The related results for Bessel and Whittaker func-
tions as well as for Laguerre, Hermite, and Jacobi polynomials are discussed.
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1. Introduction
The following theorem brings about various applications in the theory of special func-
tions.
Theorem A [7,8]. Let φ(t) and ψ(t) be complex-valued continuous functions on [0,1].
Then for any numbers α,β,λ > 0, the following inequality holds:
1∫
0
τα+β−1(1 − τ)λ−1
∣∣∣∣∣
1∫
0
tα−1(1 − t)β−1φ(τ t)ψ(τ(1 − t))dt
∣∣∣∣∣
2
dτ
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Γ (α + λ)Γ (β + λ)Γ (α + β)
×
1∫
0
τα−1(1 − τ)λ+β−1∣∣φ(τ)∣∣2 dτ
1∫
0
τβ−1(1 − τ)λ+α−1∣∣ψ(τ)∣∣2 dτ. (1)
The equality in (1), provided that φ and ψ are not identically 0, holds if and only if φ(t) =
φ(0)eiγ t and ψ(t) = ψ(0)eiγ t for t ∈ [0,1] and some real γ .
Remarks.
(a) The expression in terms of the gamma function on the right-hand side of (1) can be
presented in terms of the beta function as B(α,β)B(α + β + λ,λ)/B(α + λ,β + λ).
(b) The limit case of (1) as λ → 0 corresponds to the Cauchy–Bunyakovskii–Schwarz
inequality: λ(1 − τ)λ−1 and λΓ (λ) give the delta function δ(1 − τ) and 1 correspond-
ingly if λ = 0.
(c) Substituting φ(t) for eyt/2φ(t) and ψ(t) for eyt/2ψ(t), where y is real, leads to a
generalization of (1): each differential dτ is multiplied by eyτ .
Inequality (1) is obtained in [7] as a limit case of the discrete inequality for complex
vectors and binomial weights established in [5]. The extremal functions in Theorem A are
found in [8]. Some applications of Theorem A and its discrete predecessor are given in
[5–8] (see also [9]). In many cases the weighted convolution integral on the left-hand side
of (1) can be expressed in terms of the basic special functions (see, e.g., [1–4,10,11,15]).
This leads to a variety of integral inequalities for special functions. In the present paper
we consider applications of Theorem A to the classical hypergeometric, confluent hyper-
geometric and confluent hypergeometric limit functions. Then we obtain several integral
inequalities for Bessel and Whittaker functions. Also we discuss some limit cases followed
by the inequalities for Laguerre, Hermite, and Jacobi polynomials. Most inequalities given
in this paper can be viewed and used as the weighted norm inequalities (see, e.g., [12,
13]). In (1) it is reasonable to take functions φ(t) and ψ(t) of the form f (tz) and g(tζ )
correspondingly, where f and g are some analytic functions and z and ζ are complex para-
meters. Then both sides of the obtained inequalities have the same linear terms with respect
to these natural parameters. See, e.g., the bi-hermitian form of (1) in [7].
2. Some consequences of Theorem A for confluent hypergeometric and classical
hypergeometric functions
Corollary 1. For any α,β,λ > 0 and any complex numbers z and ζ , the following inequal-
ity holds:
1∫
tα+β−1(1 − t)λ−1∣∣0F1[−, α + β; t (z + ζ )]∣∣2 dt0
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B(α,β + λ)B(β,α + λ)
1∫
0
tα−1(1 − t)β+λ−1∣∣0F1(−, α; tz)∣∣2 dt
×
1∫
0
tβ−1(1 − t)α+λ−1∣∣0F1(−, β; tζ )∣∣2 dt. (2)
The equality in (2) holds if and only if z = ζ = 0.
Corollary 2. For any α,β,λ > 0 and any complex numbers a, b and z, the following in-
equality holds:
1∫
0
tα+β−1(1 − t)λ−1∣∣1F1(a + b,α + β; tz)∣∣2 dt
 B(α + β,λ)
B(α,β + λ)B(β,α + λ)
1∫
0
tα−1(1 − t)β+λ−1∣∣1F1(a,α; tz)∣∣2 dt
×
1∫
0
tβ−1(1 − t)α+λ−1∣∣1F1(b,β; tz)∣∣2 dt. (3)
For (|a| + |b|)z = 0, the equality in (3) holds if and only if a = α,b = β , and z = iγ for a
real γ .
Corollary 3. For any α,β,λ 0 (α + β + λ > 0) and any real x, the following inequality
holds:
1F 1(α + β,α + β + λ;x) 1F1(α,α + β + λ;x) 1F1(β,α + β + λ;x). (4)
For αβ = 0, the equality in (4) holds if and only if x = 0. Inequality (4) is turned to the
equality for all x if αβ = 0.
Corollaries 1 and 2 are implied by Theorem A with φ(t) = 0F1(−, α; zt), ψ(t) =
0F1(−, β; ζ t) and φ(t) = 1F1(a,α; zt), ψ(t) = 1F1(b,β; zt), respectively. Also we use
the easily verified formula
1∫
0
tα−1(1 − t)β−1 0F1(−, α; tz) 0F1
[−, β; (1 − t)ζ ]dt
= B(α,β) 0F1(−, α + β; z + ζ ),
which corresponds to Sonin(e)’s integrals for Bessel functions [15, Chapter XII], [2, V. 2,
p. 46], [10, Chapter 2], and the integral addition theorem for the confluent hypergeometric
functions 1F1 [2, V. 1, p. 271 (15)], [4, # 7.613-4]. Corollary 3 is a consequence of Corol-
lary 2, which is also implied by (1) with φ(t) = ψ(t) = ext/2 [7,8]. It is not difficult to
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conditions, e.g., a and b > 0 or a + b = α + β . The latter is used in Corollary 4. See
[3, V. II, p. 400 (3)] for the related convolution integral and [7] for the exponential case:
a = α and b = β .
Corollary 4. For any α,β,λ > 0, any a and b such that a + b = α + β , and any complex
numbers z and ζ , the following inequality holds:
1∫
0
ta+b−1(1 − t)λ−1∣∣1F1[a, a + b; t (z − ζ )]etζ ∣∣2 dt
 B(α + β,λ)
B(α,β + λ)B(β,α + λ)
1∫
0
tα−1(1 − t)β+λ−1∣∣1F1(a,α; tz)∣∣2 dt
×
1∫
0
tβ−1(1 − t)α+λ−1∣∣1F1(b,β; tζ )∣∣2 dt. (5)
For |z| + |ζ | = 0, the equality in (5) holds if and only if a = α,b = β , and z = ζ = iγ for
a real γ .
The binomial functions φ and/or ψ in (1) generate some inequalities which involve the
Gauss hypergeometric functions [7]. Clearly, the Gauss hypergeometric functions φ and ψ
lead to such inequalities as well.
Corollary 5. For any α,β,λ > 0; any a, b, c, and d which satisfy the conditions a + c =
b + d = α + β; and z, ζ such that | arg(1 − z)|, | arg(1 − ζ )| < π , the following inequality
holds:
1∫
0
tα+β−1(1 − t)λ−1∣∣2F1(a, b;α + β; tz + tζ − t2zζ )(1 − tζ )a+b−α−β ∣∣2 dt
 B(α + β,λ)
B(α,β + λ)B(β,α + λ)
1∫
0
tα−1(1 − t)β+λ−1∣∣2F1(a, b;α; tz)∣∣2 dt
×
1∫
0
tβ−1(1 − t)α+λ−1∣∣2F1(c, d;β; tζ )∣∣2 dt. (6)
The equality in (6) holds if and only if abz = cdζ = 0 (a + c = b + d = 0).
The proof of (6) involves the known convolution integral for the Gauss hypergeometric
functions [3, V. II, p. 400 (11)], [4, # 7.512-7]:
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0
tγ−1(1 − t)δ−γ−1 2F1(α,β;γ ; tz) 2F1
[
δ − α, δ − β; δ − γ ; (1 − t)ζ ]dt
= B(γ, δ − γ )(1 − ζ )α+β−δ 2F1(α,β; δ; z + ζ − zζ ),
where α and β are any numbers, | arg(1 − z)| < π, | arg(1 − ζ )| < π , and 0 < γ < δ.
Note that there is the same misprint in both cited books: the exponent “2α− δ” should read
“α + β − δ” as above. It can be confirmed by the transformation formula [2, V. I, p. 64
(23)], [4, # 9.131].
3. Inequalities for Bessel and Whittaker functions
The Bessel function of the first kind of order α is denoted by Jα(z). It can be presented
in the 0F1-form or in the 1F1-form:
Jα(z)(z/2)−αΓ (α + 1) = 0F1
[−, α + 1;−(z/2)2]
= e−iz 1F1(α + 1/2,2α + 1;2iz). (7)
We take into account (7) and Remark (c) after Theorem A to formulate the corresponding
cases of (2) and (3) in terms of the Bessel functions.
Corollary 6. For any α,β > −1, λ > 0 and any complex numbers z and ζ , the following
inequality holds:
|zαζ β |2
1∫
0
(1 − t)λ−1∣∣Jα+β+1(
√
t (z2 + ζ 2) )∣∣2 dt
 |z2 + ζ 2|α+β+1 B(α + 1, β + 1)B(α + β + λ + 2, λ)
4B(α + λ + 1, β + λ + 1)
×
1∫
0
(1 − t)β+λ∣∣Jα(t1/2z)∣∣2 dt
1∫
0
(1 − t)α+λ∣∣Jβ(t1/2ζ )∣∣2 dt. (8)
The equality in (8) holds if and only if z = ζ = 0.
Corollary 7. For any α,β > −1/2, λ > 0 and any complex number z, the following in-
equality holds:
1∫
0
(1 − t)λ−1∣∣Jα+β+1/2(tz)∣∣2 dt
 |z|L(α,β,λ)
1∫
(1 − t)2β+λ∣∣Jα(tz)∣∣2 dt
1∫
(1 − t)2α+λ∣∣Jβ(tz)∣∣2 dt, (9)0 0
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L(α,β,λ) = Γ
2(α + 1)Γ 2(β + 1)B(2α + 2β + 2, λ)
2Γ 2(α + β + 3/2)B(2α + 1,2β + λ + 1)B(2β + 1,2α + λ + 1) .
The equality in (9) holds if and only if z = 0.
Some generalizations of Corollary 7 involving two complex variables are analogous
to those of Corollary 2. Also we can apply Theorem A to Bessel functions directly. For
example, the known convolution integral for them (see [2, V. II, p. 46 (6)], [3, V. II, p. 354
(28)]), which is a consequence of the 1F1-integral addition theorem and (7), allows us to
prove Corollary 8.
Corollary 8. For any α,β  0, λ > 0 and any complex number z, the following inequality
holds:
1∫
0
tα+β(1 − t)λ−1∣∣Jα+β+1/2(tz)∣∣2 dt
 2π |z| B(α + 1, β + 1)B(α + β + λ + 2, λ)
B2(α + 1/2, β + 1/2)B(α + λ + 1, β + λ + 1)
×
1∫
0
tα(1 − t)β+λ∣∣Jα(tz)∣∣2 dt
1∫
0
tβ(1 − t)α+λ∣∣Jβ(tz)∣∣2 dt. (10)
The equality in (10) holds if and only if z = 0.
Theorem A together with two convolution integrals [15, p. 380 (3, 5)]:
1∫
0
t−1Jp(tz)Jq
(
(1 − t)z)dt = Jp+q(z)/p (p > 0, q > −1),
1∫
0
[
t (1 − t)]−1Jp(tz)Jq((1 − t)z)dt = (p−1 + q−1)Jp+q(z) (p,q > 0)
leads to Corollary 9. Note that the former, the famous Bateman integral, is the basis for
hundreds of applications [14]. The latter is one of them.
Corollary 9. For any α,β,λ > 0, p  α, and any complex number z, the following in-
equalities hold:
1∫
tα(1 − t)λ−1∣∣Jp+q(tz)∣∣2 dt  p2(α−1 + λ−1)0
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1∫
0
t−α−1(1 − t)λ∣∣Jp(tz)∣∣2 dt
1∫
0
(1 − t)α+λ−1∣∣Jq(tz)∣∣2 dt (q  0), (11)
1∫
0
tα+β−1(1 − t)λ−1∣∣Jp+q(tz)∣∣2 dt
 (p−1 + q−1)−2 Γ (α)Γ (β)Γ (λ)Γ (α + β + λ)
Γ (α + β)Γ (α + λ)Γ (β + λ)
×
1∫
0
t−α−1(1 − t)β+λ−1∣∣Jp(tz)∣∣2 dt
×
1∫
0
t−β−1(1 − t)α+λ−1∣∣Jq(tz)∣∣2 dt (q  β). (12)
The equalities in (11), (12) hold if and only if z = 0.
Now we combine Theorem A with two trigonometric Captain integrals [15, p. 380 (1)
and p. 381 (2)], [4, # 6.674-8, 7], [10, Chapter 2]:
1∫
0
J0(tz) cos
(
(1 − t)z)dt = J0(z) and
1∫
0
J0(tz) sin
(
(1 − t)z)dt = J1(z).
Corollary 10. For any λ > 0 and any complex number z, the following inequalities hold:
1∫
0
t (1 − t)λ−1∣∣J1(tz)∣∣2 dt
 (1 + λ−1)
1∫
0
(1 − t)λ∣∣J0(tz)∣∣2 dt
1∫
0
(1 − t)λ∣∣sin(tz)∣∣2 dt, (13)
1∫
0
t (1 − t)λ−1∣∣J0(tz)∣∣2 dt
 (1 + λ−1)
1∫
0
(1 − t)λ∣∣J0(tz)∣∣2 dt
1∫
0
(1 − t)λ∣∣cos(tz)∣∣2 dt. (14)
The equalities in (13), (14) hold if and only if z = 0.
A.Z. Grinshpan / J. Math. Anal. Appl. 314 (2006) 724–735 731Corollary 10 implies that
1∫
0
(1 − t)λ−1{[1 − (λ + 1)t][J0(tx)]2 − λt[J ′0(tx)]2}dt  0 (15)
for any real x and positive λ. Obviously, (15) is true for λ = 0.
The Whittaker function Mν,µ(z) is defined by the formula
Mν,µ(z) = zµ+1/2e−z/2 1F1(µ − ν + 1/2,2µ + 1; z)
assuming that the z-plane is cut along the negative real axis, i.e., | arg z| < π . Corollary 2
and Remark (c) after Theorem A result in Corollary 11.
Corollary 11. For any α,β > −1/2, λ > 0 and any complex numbers ν,µ, and z,
| arg z| < π , the inequality
1∫
0
(1 − t)λ−1∣∣Mµ+ν,α+β+1/2(tz)∣∣2 dt
t
 B(2α + 2β + 2, λ)
B(2α + 1,2β + λ + 1)B(2β + 1,2α + λ + 1)
×
1∫
0
(1 − t)2β+λ∣∣Mµ,α(tz)∣∣2 dt
t
1∫
0
(1 − t)2α+λ∣∣Mν,β(tz)∣∣2 dt
t
(16)
holds. The equality in (16) holds if and only if z = 0, or µ = α + 1/2 and ν = β + 1/2, or
µ = −α − 1/2, ν = −β − 1/2, and z = iγ for a real γ .
The consequence for Whittaker functions of the 1F1-integral addition theorem (see
[3, V. II, p. 402 (7)], [1, p. 128 (14)]) and the convolution integral [3, V. II, p. 402 (6)]
1∫
0
tα−1(1 − t)β−1e(1−t)z/2Mα+β,µ(tz) dt
= B(β,α + µ + 1/2)Mα,µ(z)
((α + µ + 1/2) > 0, β > 0) (17)
are some of the tools which allow us to apply Theorem A to Whittaker functions directly.
For example, (1) and (17) give Corollary 12.
Corollary 12. Let α,β,λ > 0 and µ > −1/2. Then for any complex number z,
| arg z| < π , the following inequality holds:
1∫
0
tα+β−1(1 − t)λ−1∣∣Mα,µ(tz)∣∣2 dt
 B(α,β)B(β,λ)2 1F1(β,α + β + λ;z)B (β,α + µ + 1/2)
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1∫
0
tα−1(1 − t)β+λ−1∣∣Mα+β,µ(tz)∣∣2 dt. (18)
The equality in (18) holds if and only if z = 0.
4. Limit cases
By iteration, Corollary 1 leads to the following asymptotic inequality:
1∫
0
tα−1(1 − t)λ−1∣∣1F1(−, α; tz)∣∣2 dt/B(α,λ)

[
1 +
{
2z
(α + λ) +
|z|2
α(α + λ)2
}
n−1 + O(n−2)
]n
(n = 2m: m = 1,2, . . .). Hence we have Corollary 13.
Corollary 13. For any α,λ > 0 and any complex number z, the inequality
1∫
0
tα−1(1 − t)λ−1∣∣0F1(−, α; tz)∣∣2 dt  B(α,λ) exp
{
2z
α + λ +
|z|2
α(α + λ)2
}
(19)
holds.
In the same way Corollary 2 leads to a limit inequality for 1F1. These limit results imply
the corresponding inequalities for Bessel, Whittaker, and other functions. Here is one of
them which is implied by (19) and (7).
Corollary 14. For any λ > 0, α > −1 and any complex number z, the following inequality
holds:
1∫
0
(1 − t)λ−1∣∣Jα(t1/2z)∣∣2 dt 
∣∣∣∣ z2
∣∣∣∣
2α
Γ (λ)
Γ (α + 1)Γ (α + λ + 1)
× exp
{
− (z
2)
2(α + λ + 1) +
|z|4
16(α + 1)(α + λ + 1)2
}
.
5. Inequalities for Laguerre, Hermite, and Jacobi polynomials
We present some integral inequalities in terms of the normalized Laguerre polynomials
Lαn(z) = Lαn(z)/Lαn(0) = 1F1(−m,α+1; z) [4, 8.972-1], where Lαn(z) = ezz−α[(d/dz)n×
e−zzn+α]/n!. Here is a consequence of Corollary 2.
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ity holds:
1∫
0
tα+β+1(1 − t)λ−1∣∣Lα+β+1m+n (tz)∣∣2 dt
 B(α + β + 2)
B(α + 1, β + λ + 1)B(β + 1, α + β + 1)
×
1∫
0
tα(1 − t)β+λ∣∣Lαm(tz)∣∣2 dt
1∫
0
tβ(1 − t)α+λ∣∣Lβn(tz)∣∣2 dt. (20)
For n + m = 0, the equality in (20) holds if and only if z = 0.
Corollary 16 is implied by Theorem A and the formula [3, V. II, p. 193 (51)]
1∫
0
tα−1(1 − t)β−1Lµm(tz)e(1−t)z dt
= B(α,β) 2F2(m + µ + 1, α;µ + 1, α + β;−z)ez (α,β > 0).
Corollary 16. For any α,β,λ > 0 and any complex number z, the inequality
1∫
0
tα+β−1(1 − t)λ−1∣∣2F2(m + µ + 1, α;µ + 1, α + β;−tz)etz∣∣2 dt
 Γ (λ)Γ (α + β + λ)
Γ (α + λ)Γ (β + λ) 1F1(β,α + β + λ;2z)
×
1∫
0
tα−1(1 − t)β+λ−1∣∣Lµm(tz)∣∣2 dt (21)
holds. The equality in (21) holds if and only if z = 0.
Also Corollary 2 implies some integral inequalities involving the Hermite and Laguerre
polynomials. Note that Hermite polynomials Hn(z) = (−1)nez2[(d/dz)ne−z2 ] can be pre-
sented in the 1F1-form [4, #8.95]:
H2n(z) = (−1)n(2n)! 1F1(−n,1/2; z2)/n!,
H2n+1(z) = 2(−1)n(2n + 1)!z 1F1(−n,3/2; z2)/n!.
Corollary 17. For any λ > 0 and any complex number z, the following inequalities hold:
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0
(1 − t)λ−1∣∣L0n+m(tz2)∣∣2 dt  4Γ (λ)Γ (λ + 1)πΓ 2(λ + 1/2)
[
n!m!
(2n)!(2m)!
]2
×
1∫
0
(1 − t2)λ−1/2∣∣H2n(tz)∣∣2 dt
1∫
0
(1 − t2)λ−1/2∣∣H2m(tz)∣∣2dt, (22)
|z|4
1∫
0
t2(1 − t)λ−1∣∣L2n+m(tz2)∣∣2 dt
 Γ (λ)Γ (λ + 3)
2πΓ 2(λ + 3/2)
[
n!m!(n + m + 1)(n + m + 2)
(2n + 1)!(2m + 1)!
]2
×
1∫
0
(1 − t2)λ+1/2∣∣H2n+1(tz)∣∣2 dt
1∫
0
(1 − t2)λ+1/2∣∣H2m+1(tz)∣∣2 dt, (23)
|z2|
1∫
0
t (1 − t)λ−1∣∣L1n+m(tz2)∣∣2 dt
 2Γ (λ)Γ (λ + 2)
πΓ (λ + 1/2)Γ (λ + 3/2)
[
n!m!(n + m + 1)
(2n)!(2m + 1)!
]2
×
1∫
0
(1 − t2)λ+1/2∣∣H2n(tz)∣∣2 dt
1∫
0
(1 − t2)λ−1/2∣∣H2m+1(tz)∣∣2 dt. (24)
The equalities in (22)–(24) hold if and only if (n + m)z = 0.
As the Hermite and Laguerre polynomials are related by [4, #8.972-2, 3]
H2n(z) = (−1)n22nn!L−1/2n (z2), H2n+1(z) = (−1)n22n+1n!zL1/2n (z2),
(22)–(24) can be presented in terms of polynomials L0n, L±1/2n , L1n, and L2n.
Corollary 5 with a = −n,b = n+ α + β +µ,c = n+ α + β , and d = −n−µ gives an
inequality for Jacobi polynomials [4, # 8.962-1]
P (ν,µ)n (z) = (−2)−n(1 − z)−ν(1 + z)−µ
[
(d/dz)n(1 − z)ν+n(1 + z)µ+n]/n!
= 2F1
[−n,n + ν + µ + 1;ν + 1; (1 − z)/2](ν + 1)n/n!.
Corollary 18. For any α,β,λ > 0, real µ, and any complex numbers z and ζ such that
| arg(1 − z)| and | arg(1 − ζ )| < π , the following inequality holds:
1∫
tα+β−1(1 − t)λ−1∣∣P (α+β−1,µ)n (1 + 2t2zζ − 2tz − 2tζ )(1 − tζ )µ∣∣2 dt0
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B(α,β + λ)B(β,α + λ)
[
Γ (n + α + β)Γ (α)
Γ (α + β)Γ (n + α)
]2
×
1∫
0
tα−1(1 − t)β+λ−1∣∣P (α−1,β+µ)n (1 − 2tz)∣∣2 dt
×
1∫
0
tβ−1(1 − t)α+λ−1∣∣2F1(−n − µ,n + α + β;β; tζ )∣∣2 dt. (25)
The equality in (25) holds if and only if n(n + α + β + µ)z = 0 and (n + µ)ζ = 0.
References
[1] H. Buchholz, The Confluent Hypergeometric Function with Special Emphasis on its Applications, Springer
Tracts in Natural Philosophy, vol. 15, Springer-Verlag, New York, 1969.
[2] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Transcendental Functions, vols. I, II, Krieger,
Melbourne, FL, 1981.
[3] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Tables of Integral Transforms, vols. I, II, McGraw–
Hill, New York, 1954.
[4] I.S. Gradsteyn, I.M. Ryzhik, Table of Integrals, Series, and Products, sixth ed., Academic Press, San Diego,
2000.
[5] A.Z. Grinshpan, Inequalities generated by the gamma function, Adv. Appl. Math. 29 (2002) 115–125.
[6] A.Z. Grinshpan, Logarithmic geometry, exponentiation, and coefficient bounds in the theory of univalent
functions and nonoverlapping domains, in: R. Kühnau (Ed.), Handbook of Complex Analysis: Geometric
Function Theory, vol. 1, North-Holland, Amsterdam, 2002, pp. 273–332.
[7] A.Z. Grinshpan, General inequalities, consequences and applications, Adv. Appl. Math. 34 (2005) 71–100;
available online at http://www.sciencedirect.com, 2004.
[8] A.Z. Grinshpan, An integral recursive inequality and applications, Ramanujan J., in press.
[9] A.Z. Grinshpan, M.E.H. Ismail, Completely monotonic functions involving the gamma and q-gamma func-
tions, Proc. Amer. Math. Soc., in press.
[10] B.G. Korenev, Bessel Functions and their Applications, Anal. Methods Spec. Func., vol. 8, Taylor & Francis,
London, 2002.
[11] Y.L. Luke, Integrals of Bessel Functions, McGraw–Hill, New York, 1962.
[12] B. Muckenhoupt, D.W. Webb, Two-weight norm inequalities for Cesáro means of Laguerre expansions,
Trans. Amer. Math. Soc. 353 (2001) 1119–1149.
[13] B. Muckenhoupt, D.W. Webb, Two-weight norm inequalities for the Cesáro means of Hermite expansions,
Trans. Amer. Math. Soc. 354 (2002) 4525–4537.
[14] J.G. Rutgers, Sur des séries et des intégrales définies contenantes les fonctions de Bessel, Nederl. Akad.
Wetensch., Proc. 44 (1941) I–VI, 464–474, 636–647, 744–753, 840–851, 978–988, 1092–1098.
[15] G.N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, Cambridge, 1944,
Macmillan, New York, 1944.
